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Transport of angular momentum is one of the essential problems in accretion disk
physics since rotating matters must lose angular momentum when they \accrete"
into the central star. For the ecient transport of angular momentum, a strong
viscosity provided by turbulence in the disk is considered to be important. Mag-
netorotational instability (MRI), which is a main topic of this dissertation, is be-
lieved to drive a strong turbulence in the disk and has been studied by numerical
simulations for several decades. To estimate the eciency of the angular mo-
mentum transport, evaluation of the saturated state of MRI-driven turbulence is
required. Since MRI provides strong dynamo process and enhances magnetic eld,
dissipation process is also important for the saturation of MRI-driven turbulence.
Magnetic reconnection, which is another topic of this dissertation is considered to
be a promising agent for the dissipation in disk turbulence.
Until now studies of disk turbulence has been carried out under MHD approxima-
tion which mainly assumes that the disk is constituted with \collisional" plasma.
However, recent observations of Sgr A which lies in the center of our galaxy,
suggest that this assumption is not necessarily valid. This object is considered
to be constituted with supermassive black hole with the mass of several 106M
and has an accretion disk around the black hole. The estimated temperature of
the ions in the disk is much higher than that of electrons which suggests that
there are no ecient relaxation process between these two components and thus,
this disk is considered to be \collisionless". Since the relaxation process is very
weak in the collisionless plasma, isotropy in the particle distribution is no longer
valid. \Anisotropy" in the pressure which is one of the well known modication
in collisionless plasma greatly modulates the feature of magnetic tension which
act as a restoring force in MRI. Motivated by these facts, several attempts to
include \collisionless" eects in the MRI simulation have been made by applying
CGL (Chew-Goldberger-Low) approximation in MHD equations and assuming
isotropization process via kinetic instabilities.
Since the early attempts were based on uid framework, those kinetic eects are
iv
not exactly taken into account. Recently by using 2.5 dimensional PIC simula-
tions, kinetic process is included with self-consistent manner. However, since the
time and spacial scale of the PIC simulation is restricted by electron dynamics it
requires massive computational resources for the further long term 3 dimensional
calculation. Considering the fact that in the actual disks ions are much hotter than
electrons, hybrid framework, which treats only the ions as particles and assumes
the electrons as charge neutralizing uid, would provide a more robust approach
for the collisionless accretion disk simulation.
In this study we developed a hybrid code to investigate the local evolution of
collisionless dierentially rotating system. By introducing the nite electron mass,
we have overcome a numerical diculties with which the hybrid code encounters in
a problem which involves dynamical change of the plasma density and the magnetic
eld, such as MRI. By using this new hybrid code we have investigated a heavily
non-linear stage of 2.5 dimensional MRI. In the non-linear stage, channel ows
driven by MRI were corrupted due to the magnetic reconnection and formation
of magnetic islands are observed. We have also evaluated the eciency of the
angular momentum transport in this non-linear stage from the stress components.
These results are discussed in Chapter 2.
Motivated by the fact that the dissipation process is also important in the disk tur-
bulence, we have investigated evolution of magnetic reconnection in dierentially
rotating system using the hybrid code as well. These are described in Chapters
3 and 4. In Chapter 3 we investigated the evolution of magnetic reconnection in
the meridional plane of the disk. The initial magnetic eld is aligned to the axis
of rotation. Coupled with MRI, the magnetic reconnection showed a asymmetric
structure during its evolution. At the same time, ecient reproduction of equato-
rial component of magnetic eld is observed which is essential for Maxwell stress
in the turbulence. We consider that the magnetic reconnection coupled with MRI
contributes to ecient transportation of angular momentum.
vIn Chapter 4, we investigated evolution of magnetic reconnection in the equatorial
plane of the disk. The initial magnetic eld was aligned to the azimuthal direction
of the disk in this simulation. Since we assume a local structure in the disk,
we have adopted so-called \open shearing periodic boundary condition" which
is commonly used in the MHD calculation of dierentially rotating system. We
have also observed asymmetric evolution of magnetic reconnection in this plane
basically due to the coupling of the outow with the Coriolis force. By assuming
periodicity, the evolution of the reconnection was aected by another reconnection
site which is assumed to exist outside the actual simulation domain. Together with
the shear motion, this eect gave an enhancement on the reconnection rate with a
certain rotational parameter. We consider that this can be one of the fundamental
processes in the accretion disk turbulence.
The present results imply existence of an ecient angular momentum transport
in a collisionless accretion disk. The method we have established in the present
studies would be also an important step for the further 3 dimensional simulation
of the collisionless accretion disks.
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Chapter 1
General Introduction
1.1 Accretion Disk and -Disk Model
Accretion disks are commonly found in our universe. They form around a massive
astrophysical object such as black holes, protostars, and binaries. They consist of
gases, which rotate around a central massive objects. The rotating gas gradually
accretes toward the central star releasing its gravitational potential energy (e.g.,
Frank et al. [2002]).
Since the rotation of the gas is supported by the gravity from the central star, the
rotation of disks mainly have a Keplerian prole. In a Keplerian rotation, the gas
must lose their angular momentum when they \accrete" into the central star, since
the Keplerian rotation has an angular momentum prole which increases with the
radius (Lynden-Bell and Pringle [1974]). In the actual disk, shear viscosity trans-
ports the angular momentum in outward direction, and as a result, the matters
are transported inward. However, considering the source of the viscosity, simple
molecular viscosity provided by the collisions between the particles constituting
the gas is extremely small (e.g., Pringle [1981]).
To explain the ecient transportation of the angular momentum, enhancement
1
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of the viscosity provided by the turbulence was introduced by Shakura and Sun-
yaev [1973]. In their modeling, the disk is in a turbulent state, and the strong
turbulent viscosity is expected. The turbulent viscosity which contributes to the
transportation of the angular momentum is related with the (r; ') component of
the stress assuming that the stress is proportional to the gas pressure,
Wr' = P: (1.1)
Here, r and ' correspond to the radial and azimuthal direction of the disk, re-
spectively. In their model thermal equilibrium between the heat produced by the
 viscosity and the energy loss due to the black-body radiation was assumed.
This model which has been widely accepted as a standard accretion disk model is
called \-disk model". Yet the model arose another question, how the turbulence
is driven in the accretion disk. Balbus and Hawley [1991] have pointed out the
importance of the magnetic eld for the transportation of the angular momentum
and proposed a hydromagnetic mechanism to drive turbulence in the disk which
will be introduced in the next section.
1.2 Magnetorotational Instability
As we introduced in the previous section strong turbulence is required to explain
an ecient transportation of angular momentum in an accretion disk. A plasma
instability called Magnetorotational Instability (MRI) is believed to be a promis-
ing process to generate turbulence in the disk. The basic theory of the process
is reported in late 1950's-1960's (Velikhov [1959], Chandrasekhar [1960]) in the
context of stability of a dierentially rotating conductive uid. The importance of
the instability in accretion disks as a driving process of turbulence is rst pointed
out by Balbus and Hawley [1991]. With a linear analysis of MHD equations in the
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dierential rotation, they gave an intuitive interpretation to this plasma instabil-
ity. With their numerical simulation reported in the following papers (Hawley and
Balbus [1991]; Hawley and Balbus [1992]) they have shown that this instability is
indeed contributing to a transportation of angular momentum.
Here, in this section we will revisit basic feature of MRI introduced in Balbus and
Hawley [1991]. We start from a set of MHD equations described in the dieren-
tially rotating system.
@
@t
=  r  (v) (1.2)


@
@t
+ v r

v =  rp+ 1
c
JB   r (1.3)
J =
c
4
rB (1.4)
@B
@t
= r (v B) (1.5)
p

= const: (1.6)
Here  is the density of the plasma, v is the velocity, B is the magnetic eld, p is
the plasma pressure, and  is the gravitational potential from the central massive
object. Here since the MRI gives fastest growth rate in the parallel mode, and for
simplicity, we restrict our analysis to the case k k e^z, where k is the wavenumber
vector and e^z is the unit vector of z-component. In Balbus and Hawley [1991],
Boussinesq limit was assumed, but the basic feature of MRI is not aected by the
choice of the equation of state since the acoustic mode decouples with MRI in the
parallel limit of MRI. Therefore, we adopt adiabatic relation as an equation of
state ( = 5=3) in this analysis. The above equations are expressed in cylindrical
coordinate (r; '; z). At the initial equilibrium state Keplerian shear ow,
v0 = r
e^' (1.7)
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and magnetic eld aligned to the rotation of the axis
B0 = Be^z (1.8)
is assumed. Here 
 is the Keplerian angular frequency and e^' is the unit vector
of '. The stability of the system is investigated by searching the non-trivial
solution of linearlized and Fourier transformed set of equations (1.2)-(1.5). In this
calculation, we focus on the perturbation whose scale is suciently smaller than
the distance from the central star (R),
jkRj  1 (1.9)
where k is the wavenumber of the given perturbation. By assuming so-called \lo-
cal approximation" the set of equations expressed in the cylindrical representation
reduces to the Cartesian form. Assuming all the perturbations to have the depen-
dence of / exp ( i!t+ ikz), the linearlized set of equations (1.2)-(1.5) become,
! = 0kvz (1.10)
 i!0vr   20
v' = ikBz
4
Br (1.11)
 i!0v' + 0vr 
2
2

= ik
Bz
4
B' (1.12)
 i!0vz =  ikp (1.13)
!Br =  kBzvr (1.14)
!B' =  kBzv'   ikBz
!
d

dlog r
vr (1.15)
After some algebra we obtain a following dispersion relation,
 
!2   k2V 2A
2
= 4
2!2 +
 
!2   k2V 2A
 d
2
dlog r
; (1.16)
where VA = B=
p
4 is Alfven velocity. Here, we have restricted the analysis to a
parallel mode of MRI for simplicity. The dispersion (1.16) allows unstable solution
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(!2 < 0) when the angular frequency of the disk rotation is outwardly decreasing,
d

dlog r
< 0: (1.17)
This is also satised in the Keplerian rotation (
 / r 3=2), and the critical condi-
tion of the instability is given by

2
k2V 2A
>
1
3
: (1.18)
So, MRI is unstable to the longer wavelength modes.
The equation of motion described with Lagrangian displacement introduced in
Balbus and Hawley [1998] gives an intuitive understanding of angular momentum
transport by MRI. Replacing  i! ! @=@t, ik ! @=@z, v ! @=@t, in (1.10)-
(1.15) we obtain
@2r
@t2
  2
@'
@t
=  

d
2
dlog r
+ (kVA)
2

r (1.19)
@2'
@t2
+ 2

@r
@t
=   (kVA)2 ': (1.20)
Since Equations (1.19) and (1.20) has the form of oscillatory equation, the process
of MRI is often compared with 2 dimensional behavior of particles banded with
spring. Here spring constant for r-direction motion is (d
2=d log r + k2V 2A) and
the constant becomes negative when Equation (1.18) is satised. Figure 1.1 shows
a schematic illustrations of the basic feature of MRI. In the top panel two uid
particles threaded with magnetic eld is described on the meridional plane (r; z) of
the disk. In the bottom panel, the view on the equatorial plane (r; ') is described.
When two uid particles banded with a spring is perturbed, the transportation of
the angular momentum between these two particles takes place due to the restoring
force provided by the spring. Physically, the magnetic tension plays a role of the
spring. Observed from the corotating frame the particle went inside obtains (+')
displacement due to the shear motion, whereas the particle went outside obtains
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Figure 1.1: Schematic illustration of fundamental process of angular momen-
tum transport in MRI. The angular momentum (`) of the plasma particles (Red
Oval) is transported by the magnetic eld (Blue Line).
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( ') displacement. Since the particles are banded by a spring, the inner particle
is pulled by the tension and loses angular momentum, and at the same time, the
outer particle gains angular momentum. The process takes place continuously and
as a result, the system would be unstable. When the spring constant is too strong,
(i.e., the magnetic eld is strong) the particles just keep on oscillating. Driven by
this fundamental process MRI enhances equatorial component of magnetic eld
(Br; B'). The enhanced magnetic eld however is dissipated by the magnetic
reconnection, and as a result, turbulence is driven.
1.3 Collisionless Accretion Disk
As we revisited in the previous section, the conventional theory of MRI has been
focused on the \collisional plasma" whose average collision time scale of the plasma
particles is suciently short compared to that of the Keplerian rotation. Studies
of MRI with collisional plasma has been based on the isotropic MHD equations.
However, several observational results indicate that some class of the accretion
disks are constituted of collisionless plasma.
Figure 1.2 shows a Chandra X-Ray view of the Sgr A which is in our galactic
center. A supermassive black hole with the mass of several times of 106M is
considered to be located in the center of this object (Schodel et al. [2002]; Ghez
et al. [2003]).
The accretion feature of the disk around this supermassive black hole is rather
confusing. The contradiction between the observations of disk is reviewed by
Quataert [2003]. Assuming that the disk is modeled by the standard -disk model
(Shakura and Sunyaev [1973]) we obtain mass accretion rate from the observed
luminosity of the disk. However, the mass accretion rate estimated with the 
disk model, is several orders smaller compared to the Bondi accretion rate (Bondi
[1952]) which is estimated with the disk density ( 100 cm 3) given by another
observation (Krabbe et al. [1991]).
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Figure 1.2: Chandra X-Ray view of Sgr A. A supermassive black hole
is believed to exist in the center of the image. Image Credit : NASA/CX-
C/MIT/F.K.Bagano et al.
The accretion model which explains this contradiction was proposed by Narayan
and Yi [1994] and Narayan and Yi [1995]. They introduced a new parameter f
which characterizes the rate of energy exchange. In their model, the fraction 1 f
of the energy dissipated by shear viscosity is transformed to radiation. Thus f ! 0
corresponds to a standard -disk model. They further extended their model based
on Advection Dominated Accretion Flow (ADAF) permitting a two temperature
plasma. The model included a cooling process by bremsstrahlung, synchrotron
and Comptonization (Narayan et al. [1995]). Obtained model spectrum showed
a good agreement with the observation implying the validity of two temperature
assumption. Figure 1.3 shows a radial dependence of the ion/electron temperature
obtained from their modeling. While ions keep virial temperature in the inner
radius, electrons are cooled by the radiation process which are taken into account.
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This result implies there are no eective relaxation process between the ions and
electrons and thus, the plasma constituting the accretion disk around Sgr A
is collisionless. As it will be introduced in the next section, magnetic tension
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FIG. 2 Variation with radius R of the ion temperature, T" the electron 
temperature, Te , and the radiative efficiency, 1 f, in the model shown 
as a solid line in Fig. 1. (Rs is the black-hole radius.) 
Our model has four parameters: (I) a, which describes the 
viscosity of the gas21 ; (2) {3, which is defined such that 1- {3 is 
the fraction C?f the pressure contributed by magnetic fields; (3) 
M; and (4) M. We fix {3 = 0.95 in all our models, corresponding 
to a magnetic pressure equal to one-tenth of equipartition. As 
the predic.ted spectrum depends only on the ratio Mia rather 
than on M or a indi,:idually, we thus have only two adjustable 
parameters, M and Mia; a probably lies in the range 0.01-1. 
The solid line in Fig. I shows the spectrum corresponding to 
our optimal model, with M = (7 x 105) M 0 and Mia = 
(1.2 x 10-5) M 0 yr- I = (8 x 1020 ) g S-I. This model satisfies most 
of the flux measurements and upper limits available on Sgr A *. 
Figure 2 shows the variations of the ion temperature Ti , the 
electron temperature Tc , and the radiative efficiency I f, as 
functions of radius R in this model. At large radii, Ti and Te are 
both very nearly equal to the local vi rial temperature Tvi •. 
Energy transfer from ions to electrons via Coulomb scattering 
is very efficient and so the two species come into thermal equilib-
rium. But the cooling of the electrons is inefficient, and the flow 
is therefore advection-dominated. For R < 100Rs , where Rs = 
2.1 x lOll cm is the size of the black hole, the electron tempera-
ture saturates at Tc;::;; 1010 K but the ion temperature continues 
to track Tv; •. Although electron cooling is efficient here, the ion-
electron coupling becomes weak, and once again the flow is 
advection-dominated. Thus, at all radii, the radiative efficiency 
I f« 1. 
Figure I shows that there are four peaks in the model spec-
trum. The peak labelled S is due to synchrotron emission by the 
thermal electrons in the magnetic field of the plasma, the peaks 
CI and C2 are due to Compton scattering (single scattering and 
double scattering, respectively) of the synchrotron radiation by 
the hot electrons, and the peak B is due to bremsstrahlung emis-
sion augmented by triply Compton-scattered photons. The posi-
tions at which the four peaks appear and their relative heights 
depend on the parameters of the model. 
The position of the synchrotron peak S depends primarily on 
M, whereas its height varies approximately as Mia. Thus, 
merely by fitting the submillimetre-wave data and requiring that 
the model satisfy the far-infrared limits at v;::;; 1013_10 14 Hz it is 
possible to estimate M and M to within a factor of -2.' The 
sharp drop of the emission at the high-vend of the S peak is a 
624 
characteristic signature of self-absorbed synchrotron emission 
from a thermal plasma22 . It can also be explained with a single-
energy population of electrons23 . However, models that invoke 
a power-law distribution of relativistic electrons will not be con-
sistent with the dip in the spectrum. 
Because the synchrotron emission is highly self-absorbed, the 
emission at each v in the S peak originates essentially at a single 
radius. The radiation at 86 GHz, for instance, comes from a 
radius of 1.2 x 1013 cm in our model (see also ref. 24). This is 
consistent with recent measurements2S .26 which give an upper 
limit of 1.6 x 1013 cm for the size of the source. 
At radio frequencies, v < lOll Hz, our model spectrum lies 
below the observations. The emission at these frequencies is from 
material at several 100Rs , where our model gives relatively low 
electron temperatures. However, it is possible to envisage non-
local transport processes from the interior, such as streaming of 
suprathermal electrons, which may be able to enhance the effec-
tive temperature out here and thereby increase the emission. As 
an example, the dashed curve in Fig. I shows a model where we 
have arbitrarily assumed a constant temperature of T = 9 e 9 x 10K out to R = 3,000Rs . The non-local energy transport 
could well be irregular and may lead to variability27 in the source 
below lOll Hz. 
The frequency shift between the Sand CI peaks, and that 
between CI and C2, depend on the mean energy boost <A) of 
a photon per Compton scattering. This depends on Te. In the 
self-consistent models shown here, the maximum electron tem-
perature is -(1.1-1.3) x 10 10 K (Fig. 2), which gives <A) ;::;;60-
90. Note}hat the electron scattering optical depth is very small, 
T e' < 10- . Therefore, most of the synchrotron photons escape 
and only a small fraction (-Tes ) is Compton-scattered; the frac-
tion that is scattered twice is The heights of the CI and 
C2 peaks relative to S are therefore proportional to <A)Tes and 
respectively. As the flux in the S peak and the value of 
To< are both ocM, the flux in the CI peak varies as _M2 and 
that in C2 as _M3. 
As the data in Fig. I show, the X-ray flux of Sgr A * at energies 
keV is variable by almost a factor of 20. The large vari-
ability is quite naturally explained in our model as due to modest 
changes in M as a funct!on of time. The dotted curves in Fig. I 
show two models with Mia greater than, and smaller than, that 
of the optimal model by a factor of 2. Even with such a small 
variation in M, the two models more than cover the range of 
fluxes observed in X-rays. For the same change in M, the flux 
at 10 11 _10 12 Hz hardly varies at all, while the submillimetre and 
near-infrared signals in the Sand CI peaks show lower-ampli-
tude variations than in X-rays. Because the S, CI and C2 peaks 
are closely coupled in the model, fluctuations in their heights 
should show a progression in amplitude and should be correlated 
in time, a testable prediction. 
The bremsstrahlung peak B occurs at the thermal frequency, 
v=kTelh, so its position is determined primarily by Te. The 
data in Fig. I suggest that this peak may be too close to the 
hard X-ray limits. With a higher value of Te , as might arise from 
a more efficient electron-ion coupling2g , the peak can be moved 
to a higher v without significantly affecting the other peaks in 
the spectrum. Observations of the y-rays emitted from Sgr A * 
at energies -I MeV will be able to constrain the properties of 
the bremsstrahlung emission, and thereby help determine Te. 
We should emphasize that there is very little fine-tuning in 
our model. Merely by fitting the S peak we are able to estimate 
M and Mia, and with these parameters we obtain a more-or-
less satisfactory fit to the rest of the spectrum. The dip between 
Sand C I is a ro bust property of thermal synchrotron emission22 
which nicely explains a feature in the data that is very difficult 
to fit with other models. Furthermore, all the emission comes 
from the same hot electrons located within R<(lO-100)Rs,and 
the different peaks in the spectrum are just signatures of different 
radiation mechanisms. Considering how simple the model is in 
NATURE· VOL 374 . 13 APRIL 1995 
Figure 1.3: Estimated ion and electron temperature. In the inner region of
the disk, the ions are estimated to be approximately 102 times hotter then the
electrons. Parameter f corresponds to the fraction of the energy transfer. Here,
fraction 1  f of the dissipated energy is transferred to radiation. Reprinted by
permission from Macmillan Publishers Ltd: Nature 374, 623-625 (Narayan et al.
[1995]), c 1995.
which plays a crucial role in the linear process of MRI is greatly modied in
the collisionless plasma. Therefore, the conventional treatment bas d on MHD
analysis may not be valid in these types of accretion disk. In the next section, we
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will introduce the previous attempts to take the eect of low collisionality in the
theory of MRI.
1.4 Collisionless MRI
Theoretical approach
Motivated by the observational facts both theoretical and numerical attempts has
been proposed to include the eect of low collisionality in the theory of MRI. One
of the major characteristics of the collisionless plasma is generation of pressure
anisotropy with respect to the local magnetic eld (Chew et al. [1956]; Kulsrud
[1983]). This pressure anisotropy was included to conventional MHD equations
by considering equation of motions obtained from the conservation of adiabatic
constants,
d
dt

p?
B

= 0 (1.21)
d
dt

pkB2
3

= 0 (1.22)
Here pk and p? are the parallel and perpendicular pressure with respect to the local
magnetic eld. In this section we will look at a basic modication on the linear
feature of MRI given by the pressure anisotropy, following the analysis reported
in Quataert et al. [2002].
The qualitative modication on MRI can be evaluated by the linear analysis of
MRI with the initial pressure anisotropy.
@
@t
=  r  (v) (1.23)


@
@t
+ v r

v =  r  P + 1
c
JB   r (1.24)
J =
c
4
rB (1.25)
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@B
@t
= r (v B) (1.26)
P = p?I +
 
pk   p?

b^
 b^ (1.27)
p?
B
= const: (1.28)
pkB2
3
= const: (1.29)
Here b^ is the unit vector parallel to the local magnetic eld. As we have assumed
in Section 1.2, we also assume a parallel mode of MRI in this analysis. Note that
the only dierence is the pressure term in the equation of motion (1.24), which is
replaced to a 2nd order pressure tensor. Here as we consider parallel mode of MRI
for simplicity, the longitudinal and transverse mode wave decouples. As we will
introduce in the next section, a heat ux model is discussed in the CGL equations
of state. Since the heat ux modies the longitudinal mode which completely
decouples in the parallel limit, we simply adopt the ideal CGL equations of state.
The linearlized, and Fourier transformed set of the equations (1.23)-(1.26) yields,
! = 0kvz (1.30)
 i!0vr   20
v' = ik

Bz
4
  (pk0   p?0)
Bz

Br (1.31)
 i!0v' + 0vr 
2
2

= ik

Bz
4
  (pk0   p?0)
Bz

B' (1.32)
 i!0vz =  ikpk (1.33)
!Br =  kBzvr (1.34)
!B' =  kBzv'   ikBz
!
d

dlog r
vr: (1.35)
Comparing the linearlized equations (1.10)-(1.15) and equations (1.30)-(1.35), the
additional term only appears in the right hand side of the (r; ') component of the
equation of motion. This term corresponds to the magnetic tension, and when
we permit initial pressure anisotropy, the magnetic tension is weakened when the
parallel pressure is initially higher than the perpendicular pressure. This modi-
cation on the magnetic tension arises from the centrifugal force which the particle
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streaming along the perturbed magnetic eld feels. Since there are more particles
carrying the parallel velocity in the pk0 > p?0 case, the enhanced centrifugal force
eectively weakens the restoring force of magnetic tension.
Again, applying straight forward algebra on equations (1.30)-(1.35), we get
h
!2   k2  p"VA2i2 = 4
2!2 + h!2   k2  p"VA2i d
2
dlog r
; (1.36)
where " is dened as,
"  1  k0   ?0
2
; (1.37)
and the k0 and ?0 are the plasma beta dened with the initial parallel and
perpendicular pressure, respectively. Note that the only dierence appears in the
Alfven velocity which is replaced to
p
"VA. In the non-rotating limit (
 ! 0)
the dispersion reduces to that of shear Alfven wave under the existence of initial
pressure anisotropy, and " = 0 gives a critical condition of rehose instability.
The dispersion physically describes the fact that only the magnetic tension which
acts as a restoring force in MRI, is modied by the initial pressure anisotropy,
whereas the basic mechanism of MRI remains unchanged. In Figure 1.4 we plot
the growth rate with varying anisotropy parameter ("). The unstable region of
MRI is extended due to the reduced magnetic tension due to the parallel pressure
anisotropy. Since the basic mechanism of MRI remains unchanged, the unstable
region and the fastest growing wavelength is modied to the larger scale, whereas
the fastest growth rate is unchanged.
However, parallel pressure anisotropy does not necessarily extends the unstable
region of MRI. In Figure 1.5, we plot growth rate of MRI and rehose instability
with given initial anisotropy p?0=pk0  1 (vertical axis) and normalized wavenum-
ber kVA=
0 (horizontal axis). Here we consider parallel mode, and the plasma
beta dened with perpendicular pressure (?) is set to be 1000. As we can see
from the plot MRI is severely restricted when the parallel pressure dominates. and
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Figure 1.4: Wavenumber (k) versus growthrate () relation of MRI with vary-
ing pressure anisotropy parameter ("). Perpendicular pressure anisotropy mod-
ies the unstable region to the larger scale, whereas the fastest growth rate is
not changed.
the rehose instability will be the unstable mode. This is due to the fact that in
the high k plasma, criteria for the rehose instability " = 0 is easily attained. In
the case when p?0 > pk0, the fastest growing wavelength shifts to a longer scale
because in this case, the magnetic tension is eectively enhanced.
Having revisited a basic feature of \collisionless MRI" with the parallel mode
of linear analysis, let us now look on to the oblique mode of the instability.
Here we assume @=@r 6= 0, and all the perturbed quantities are proportional
to exp ( i!t+ ikrr + ikzz). In the oblique analysis, acoustic mode and transverse
mode (MRI) no longer decouple and the choice of the equation of state would
modify the linear evolution of the system. Here we adopt CGL equations with
parallel heat ux due to the Landau damping introduced in Snyder et al. [1997].
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Figure 1.5: Growth rate of MRI under given initial pressure anisotropy and
wavenumber. The upper unstable region (p?0=pk0 1 & 0) corresponds to MRI,
whereas the lower unstable region corresponds to rehose instability. In the case
when perpendicular pressure dominates the unstable wavelength of MRI shifts
to longer scale.
The corresponding equations take the form as follows.
B
d
dt

p?
B

=  r 

b^q?

  q?r  b^ (1.38)
3
B2
d
dt

pkB2
3

=  r 

b^qk

  2q?r  b^: (1.39)
Here, qk and q? are the parallel heat ux and take the form as follows,
qk =  
r
8

0ck0
ikkpk
jkkj (1.40)
q? =  
r
2

0ck0
ikkpk
jkkj +
r
2

ck0
p?0
B0

1  p?0
pk0

ikkB
jkkj : (1.41)
Again, following to the analysis introduced in Sharma et al. [2006] and after cum-
bersome but straight forward calculation, we obtain a dispersion relation. The
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resulting dispersion is rather complicated to express, so we just show some plots
with varying initial plasma .
 / 0
Mirror
MRI
Figure 1.6: Growth rate of the parallel mode of \collisionless MRI". Color
contour corresponds to a normalized growth rate (=
0). The initial k and ?
were set to be 99 and 102, respectively. Initial p?=pk thus becomes 1.03.
Figures 1.6 and 1.7 show a growth rate plot of the dispersion. As we focus on the
oblique mode, we take normalized wavenumber along z-direction on the horizontal
axis and x-direction on the vertical axis. In both plots, the initial perpendicular
pressure was set to be slightly higher than the parallel pressure (p?0=pk0 = 1:03).
In both plot, the MRI active region is restricted in the vicinity of the origin. As
we can see from the plot, the fastest growing mode of MRI is the parallel mode.
Another unstable region found in large k is the mirror mode. This instability
grows when the perpendicular pressure is suciently larger than the parallel pres-
sure. As we can see from these two gures the MRI active region is extremely
sensitive to the initial plasma , and  & 1000 gives extremely severe restriction
on the linear growth of MRI. Since the accretion disk is constituted with a high
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Mirror
MRI
Figure 1.7: Same as Figure 1.6. The initial k and ? were set to be 1500
and 1545.5. Initial p?=pk thus becomes 1.03, which is the same value used in
Figure 1.6.
 plasma, this feature of MRI can be a severe problem. Even one starts from an
isotropic plasma, magnetic eld enhanced by MRI produces perpendicular pres-
sure anisotropy obeying to the CGL equation (1.28) and MRI dies out.
Though the above simple linear consideration implies the stabilization of MRI,
there are some relaxation processes to isotropize the plasma. This is attained by
considering a pitch angle scattering of the ions by several kinetic plasma instabil-
ities associated with pressure anisotropy. These processes are heavily non-linear
and taken into account with a numerical simulation.
Numerical approach
As pointed out from the theoretical consideration, the growth of MRI is disturbed
due to the perpendicular pressure anisotropy which MRI itself generates. However,
there are possible competing processes which isotropize the plasma via several
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kinetic instabilities. Motivated by these facts, Sharma et al. [2006] carried so-called
\collisionless MHD" simulation of local 3D evolution of MRI. They took the eect
of low collisionality by using CGL equations as an equation of state. In addition,
they took the eect of parallel heat ux into account with the form introduced
in equations (1.38)-(1.41). They have also taken an isotropization process into
account. Since the MHD code cannot resolve spacial and temporal scale of the ion
kinetics, they have taken this kinetic process into account by setting upper and
lower limit to the local pressure anisotropy at each time step of the calculation.
The upper and lower limit of pressure anisotropy they set were based on the kinetic
rehose (Kennel and Sagdeev [1967]), mirror (Hasegawa [1969]) and ion-cyclotron
instabilities (Gary et al. [1997]). They have conrmed that without an eective
pitch angle scattering model (i.e., only with CGL approximation), perpendicular
pressure anisotropy generated by the linear growth of MRI prevents the further
growth of MRI. However with appropriate pitch angle scattering model, they have
reported the non-linear growth of MRI and resulting turbulence.
To take the process of pitch angle scattering with a self-consistent manner, particle
based simulation of MRI has been reported recently. Riquelme et al. [2012] have
reported a 2.5D full particle (PIC) calculation of MRI and they have also conrmed
that the pressure anisotropy generated by MRI is indeed relaxed and non-linear
growth of MRI was observed. Hoshino [2013] has extended the study to high 
plasma using 2.5D full particle code as well. In the nal state of their calculation,
the system reached to a quasi steady state and the -parameter which is the rate
of the angular momentum transport (Shakura and Sunyaev [1973]) was evaluated.
The obtained  lied in 0.1-1 which is an order of magnitude larger than the typical
results from the uid based code.
Despite the success in the \collisionless MHD" code and full particle code, there
are no reports of the non-linear evolution of MRI using hybrid code. Hybrid code
which assumes ions as particles and electrons as a massless charge neutralizing uid
is expected to be a robust approach to investigate the 3D, non-linear evolution
of MRI. Compared to PIC code, hybrid code has an advantage considering the
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numerical resource. However, until now, the only MRI simulation reported using
hybrid code remains in the linear to quasi-linear evolution (Kunz et al. [2014b]),
possibly due to the numerical diculties associated to the hybrid code, which will
be introduced in this thesis.
1.5 Magnetic Reconnection
1.5.1 Overview
Magnetic reconnection is a plasma process which transforms magnetic energy to
kinetic and thermal energy of the plasma. The rapid transformation of energy is
attained involving the change in the magnetic eld topology (Sweet [1958]; Parker
[1957]), or together with dissipation via slow shocks (Petschek [1964]) permitting
even more rapid energy transformation. This process has been widely discussed to
explain various phenomena in the space physics such as a mixing of the interplan-
etary plasma and the magnetospheric plasma (Dungey [1961]) and rapid energy
release in the solar are (e.g., Tsuneta [1996]).
Numerically, magnetic reconnection has been studied in various scales ranging
from PIC (e.g., Pritchett [2001]), hybrid (e.g., Kuznetsova et al. [1998]; Hesse and
Winske [1994]), to MHD (e.g., Sato and Hayashi [1979]). Those simulation results
using these dierent codes are compared in Birn et al. [2001]. Of the four simula-
tions (PIC, hybrid, Hall MHD, MHD), high reconnection rate was observed in the
code which includes the Hall term. Together with the result that the reconnection
rate was insensitive to the ion to electron mass ratio (Pritchett [2001]), they have
concluded that the Hall term is crucial to a fast reconnection.
Theoretically, importance of the Hall term in thin current sheet was pointed out
by Terasawa [1983] who carried linear analysis of the tearing mode incompressible
Hall MHD. They have shown that the Hall current due to the dierent magnetiza-
tion degree between ions and electrons (Sonnerup [1979]), accelerates the growth
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of tearing mode. This feature was remarkable when the initial width of the current
sheet is comparable to the ion inertia length.
Observationally Asano et al. [2003] showed the existence of the thin current sheet
whose current sheet width reaches to ion inertia length from the GEOTAIL data.
The result shows an importance of the Hall term in the magnetic reconnection
which takes place in the actual space environment.
1.5.2 Magnetic reconnection in Shear ow: Relations with
MRI
Considering the interplay with MRI, magnetic reconnection also plays an impor-
tant role in the accretion disk turbulence by releasing the magnetic energy en-
hanced by MRI (Hawley and Balbus [1992]). As we have introduced in Section
1.1, the eciency of the angular momentum transport is determined by saturated
state of MRI induced turbulence. As reviewed in Balbus and Hawley [1998] the
saturated quasi steady state of MRI-induced turbulence is reached by the balance
between dynamo eect of MRI and dissipation by magnetic reconnection.
To our knowledge, studies focusing on the evolution of the magnetic reconnec-
tion under the eect of dierential rotation has never been reported. However
regarding that the dierential rotation is well approximated by the shear ow in
the localized frame, several studies are found, pointing out the importance of the
shear ow on the evolution of magnetic reconnection.
Those studies are motivated by magnetopause reconnection, which involves a
strong shear ow (Gosling et al. [1986]) aligned to the anti-parallel magnetic eld.
Various studies pointed out that the structure of the X-point is modulated by the
background shear ow and the reconnection site is titled with respect to the initial
current sheet (e.g., La Belle-Hamer et al. [1994]; Cassak [2011]). Figure 1.8 shows
a titled X-point from the simulation carried by Cassak [2011]. The origin of the tilt
is also discussed in Cassak [2011] as a twisting of the outow due to the dynamic
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Figure 1.8: \Tilted" structure of the X-point due to the background shear
ow. The top panel (a) has no ow whereas (b), (c), and (d) has a background
shear ow aligned to anti-parallel magnetic eld. Flows are streaming towards
left in the top of the current sheet and towards right on the bottom. Reprinted
with permission from Cassak [2011]. c 2011, AIP Publishing LLC.
pressure given by the shear ow. In their interpretation, the outow is tilted to the
region where the direction of the shear ow is opposite to the outow. In addition
to the tilted structure, reduction of the reconnection rate is observed. Applying
the Sweet-Parker analysis with the existence of the shear ow, they proposed a
scaling law of reconnection rate E which decreases as the rate of shear increases,
E = E0

1  v
2
s
V 2A

: (1.42)
where E0 is the reconnection rate in the absence of shear ow, VA is the Alfven
velocity dened outside the current sheet region, and vs is the magnitude of shear
across the current sheet width.
In the non-linear state of MRI, the azimuthal component of the magnetic eld
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is dominant due to the dynamo eect of the Keplerian shear. Therefore, the
dissipation process of the magnetic eld enhanced by MRI is similar to the setup
introduced above and the modication on the reconnection rate by the background
shear might be an important factor since the dissipation by the magnetic recon-
nection determines the saturation stage.
1.6 Hybrid Simulation
In this thesis, we will investigate local behavior of collisionless accretion disks
including the kinetic eect of the plasma. As introduced in the section 1.3, the
temperature of the ions are estimated to be much higher than that of the electrons.
This means, in the \rst order approximation", the kinetic eect of the ions are
important compared to that of the electrons. In this class of plasmas, hybrid
simulation (e.g., Lipatov [2002]) will provide us a reasonable approximation. In
this section, let us rst introduce the conventional sets of the hybrid equations. In
the following chapters, we will introduce additional modications which are newly
included in our study, such as eect of the Coriolis and tidal forces, and eect of
nite electron mass. hybrid simulation is used to investigate evolution of plasmas
when one aims to focus on the kinetic eect of the ions and that of the electrons
is relatively minor. The ions are treated as superparticles and their positions and
velocities are updated with the Lorentz equations,
dxi
dt
= vi (1.43)
mi
dvi
dt
= qiE + qi
vi
c
B (1.44)
Subscript \i" means that the corresponding physical values are those of the ions.
Here xi is the position, vi is the velocity, mi is the mass, qi is the electric charge.
E and B are the electric and magnetic elds, respectively and c is the speed of
light. Since in the hybrid framework, one would focus on the scale of ion inertia
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length, and the ions are not frozen-in to the magnetic eld. Electrons on the other
hand, are assumed to be magnetized and massless uid and the Ohm's law is given
by,
E =  1
c
V eB + rPe
neqe
: (1.45)
Again, subscript \e" means that the corresponding physical values are those of
the electrons. Here, V e is the bulk velocity of the electrons and Pe is the pressure,
ne is the number density and qe is the electron charge. As we assume electrons
are massless charge neutralizing uid, any static eld is relaxed within the shorter
time scale compared to the simulation time step and as a result, quasi-neutral
condition
ne ' ni (1.46)
holds. In practice we use ne = ni to obtain electron number density, and ni which
is the ion number density is calculated through appropriate moment calculations
for ion particles. Electron bulk velocity is obtained from Ampere's law
J = J e + J i =
c
4
rB (1.47)
where J is the total current density, and J e and J i are the current density of the
electrons and ions, respectively. Here, magnetic eld must satisfy the solenoidal
condition,
r B = 0: (1.48)
By applying moment calculation on the ion velocity, we rst obtain ion bulk ve-
locity (V i). Then from Equation (1.47), we obtain the electron bulk velocity,
V e =   J i
neqe
+
c
4neqe
rB: (1.49)
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Electron pressure is calculated through an appropriate equation of state. In this
thesis, we focus both on the Keplerian time scale and the time scale which is related
to the pitch angle scattering of the ions. These time scales are in general, much
longer compared to that of electron kinetics. Therefore in the present calculation
we obtain Pe from the adiabatic relation
Pe / ne (1.50)
and anisotropy for electrons is not assumed. Here,  is the adiabatic constant and
in this thesis, we use 5/3. Finally, with Faraday's law, we obtain a closed set of
the equations
@B
@t
=  cr E: (1.51)
These are the conventional equation set of the hybrid simulation. To investigate
the behavior of the dierentially rotating system, we have to include the eect
of the gravity. Inclusion and expression of these eects under the so-called \local
approximation" is introduced in Chapter 2.
1.7 Goal of this Thesis
1.7.1 Motivation
As we have introduced in the previous sections, collisionless eect of the plasma
would modify the feature of MRI not only in the linear growth state but also in
the non-linear, turbulent state. In the collisionless accretion disk, generation of
pressure anisotropy driven by the strong dynamo eect of the dierential rotation
and isotropization of the pressure through pitch angle scattering by the kinetic
instabilities take place at the same time. Theoretically, generation of pressure
anisotropy can be investigated with the CGL equations of state. A set of MHD
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equations with CGL equations has no typical spacial and temporal scale. However,
since the pressure anisotropy is generated by enhancement of magnetic eld, one
can assume that the generation of pressure anisotropy takes place in a Keplerian
time scale. At the same time, isotropization of the plasma takes place within the
space/time scale of ion kinetics, such as ion cyclotron frequency, and ion inertia
length. As far as we know, there are no reliable estimation of the magnetic eld
strength in the accretion disk in Sgr A. Comparing the Keplerian time scale, and
the cyclotron frequency calculated, for example with the parameter of interstel-
lar eld, the Keplerian time scale is longer than the cyclotron time scale with at
least four orders of magnitude. In realistic disks, these two competing process,
generation of pressure anisotropy due to the MRI, and relaxation of anisotropy
via kinetic instabilities of ions take place at the same time. If some fraction of the
pressure anisotropy remains in the saturated state of the disk turbulence, it would
modify the feature of the disk turbulence, such as the eciency of the angular
momentum transport . It is reported from the collisionless MHD simulation that
the pressure anisotropy remained in the disk turbulence provides additional stress
component which contributes to a transport of angular momentum (Sharma et al.
[2006]). The fraction of this \Anisotropic Stress" depends on the rate of pitch an-
gle scattering provided by the kinetic plasma instability. Since these results were
obtained from the collisionless MHD simulation, the rate of the pitch angle scat-
tering cannot be evaluated with a self-consistent manner. In addition, generation
of non-thermal particles which is expected in the collisionless turbulence cannot
be treated in the hydrodynamical framework. To evaluate  in the collisionless
system and to evaluate the generation rate of non-thermal particles, long term
simulation of the disk with particle based method would provide a self-consistent
picture. In this sense hybrid code would be a realistic choice, since this code is
free from the electron scale physics and can treat ion kinetics self-consistently.
Up to date, there are no numerical studies calculating the non-linear evolution
of MRI using a hybrid code. This is probably due to the unstable feature of the
hybrid code. Therefore, we rst aim to establish a robust approach to carry out a
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simulation of MRI keeping the advantage of hybrid code. As a rst step, we start
from investigating an evolution of 2.5D MRI. Under the limitation due to the 2.5
dimension, we aim to evaluate the accretion properties in collisionless MRI.
Though hybrid code would provide a more robust approach compared to PIC sim-
ulation, we still have a limitation in attainable space/time scale compared to a
realistic disk. In our MRI simulation, cyclotron frequency to Kepler frequency
ratio is of the order of 10. The attainable spacial scale of the calculation is sev-
eral hundreds times of the ion inertia length. Using  100 cm 3 for ion number
density, the actual ion inertia scale is estimated as  106 cm. On the other hand
Schwarzschild radius (2GM=c2) which gives the lower limit of the thickness of the
disk is approximately 1011 cm for M  106M. Accepting these limitation, we
aim to study the basic process of collisionless MRI.
Our next purpose is to investigate the evolution of magnetic reconnection in the
dierentially rotating system. The dissipation process by the magnetic reconnec-
tion is important for the determination of the saturation stage. With the hybrid
simulation under the several magnetic eld conguration, we aim to investigate
the modication by the dierential rotation on the evolution of magnetic reconnec-
tion. We also aim here to establish the boundary condition which appropriately
treats the background shear motion. There are few applications of this boundary
condition on the particle based simulation code, however, there are no reports
applied in the hybrid code calculating the gravitationally supported dierential
rotation.
Finally we aim to discuss the implication how the modication of the magnetic
reconnection due to the dierential rotation acts on the macroscopic evolution of
turbulence.
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1.7.2 Structure of this Thesis
This thesis has 5 chapters. Here in the rst chapter, we gave a general introduc-
tion of this thesis, introducing the accretion disks and plasma activities which are
expected to exist in the disks.
In Chapter 2, we introduce a basis of hybrid code in the local corotating frame
of a dierentially rotating disk. The calculations in this chapter are carried on
the meridional plane of the disk. As introduced in this chapter, there are some
essential diculties for the numerical simulation of MRI with a hybrid code. We
introduce a new stabilizing technique in this chapter and discuss a non-linear state
of 2.5D collisionless MRI.
In Chapter 3 and 4 we introduce evolution of magnetic reconnection in the accre-
tion disk. Both chapters focus on the specic conguration of magnetic reconnec-
tion which would exist in the turbulence driven by MRI and discuss the eect of
dierential rotation on the evolution of magnetic reconnection. In Chapter 3 the
evolution of the magnetic reconnection is investigated on the meridional plane of
the disk, where the initial direction of the magnetic eld is aligned to the axis of
rotation. Main results introduced in this chapter are reported in Shirakawa and
Hoshino [2014]. In Chapter 4 we introduce the evolution of magnetic reconnection
on the equatorial plane of the disk where the initial magnetic eld is aligned to
the direction of the Keplerian shear ow. As we consider the local behaviour of a
dierentially rotating disk, we must take care of the boundary condition when we
carry the calculation in the equatorial plane. We also introduce an implementation
of this boundary condition in this chapter.
Finally in Chapter 5 we summarize the thesis and discuss about the future exten-
sion of our study.
Chapter 3
Magnetic Reconnection in the
Meridional Plane of the Disk
In this chapter we introduce non-linear evolution of collisionless magnetic recon-
nection under the eect of dierential rotation. We use a hybrid code including
the eect of Keplerian rotation and the calculation is carried out on the merid-
ional plane of the disk. The results and discussions introduced in this chapter is
based on Shirakawa and Hoshino [2014]. As we described in the previous chapter,
MRI is considered to play an important role on the transportation of the angular
momentum by generating turbulence and strong turbulent viscosity in the disk.
Magnetic reconnection, on the other hand also plays an important role on the
evolution of the disk through dissipation of magnetic eld enhanced by dynamo
eect of MRI.
Using a hybrid code under the eect of dierential rotation, we investigated behav-
ior of a particular structure of a current sheet which would exist in the turbulence
in the disk. Unlike the MRI evolution which we introduced in the previous chap-
ter, magnetic reconnection basically releases magnetic energy. As a result, the
CFL condition dened with R-Mode wave is relaxed as time goes on. So, in this
chapter, we simply adopt a conventional hybrid model, that is, the stabilizing
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technique using a nite electron mass is not used. As we did the previous chap-
ter, we rst tested our code with the \semi-1D" MRI evolution. The results also
showed a good agreement with the linear analysis in MRI. Next we introduce non-
linear evolution of magnetic reconnection in the meridional plane of the disk, with
varying rotational parameters (
0=
ci). From the calculation of the magnetic re-
connection, we found an asymmetric structure in the out-of-plane magnetic eld
during the evolution of reconnection which can be understood by a coupling of
the Hall eect and the dierential rotation. We also found a migration of X-point
whose direction is determined only by the initial sign of J0
0 where J0 is the
initial current density in the neutral sheet and 
0 is the rotational vector of the
background Keplerian rotation. Associated with the migration of X-point we also
found a signicant enhancement of the perpendicular magnetic eld compared to
an ordinary MRI. MRI-Magnetic reconnection coupling and the resulting magnetic
eld enhancement can be an eective process to sustain a strong turbulence in the
accretion disk and to a transport of angular momentum.
3.1 Introduction
Magnetic reconnection is known as an ecient mechanism to transform magnetic
energy to kinetic energy of the plasma. The importance of reconnection is widely
recognized in various environment in our universe such as in the earth's magne-
topause (e.g., Dungey [1961]), in the magnetotail (e.g., Asano et al. [2003]) and
in the active region of the sun (e.g., Parker [1963]; Tsuneta [1996]). This plasma
activity generates plasma heating, acceleration, and mixing in our universe.
Magnetic reconnection is also considered to play an essential role on the accre-
tion disk activity. As we introduced in Chapter 2, magnetorotational instability
(MRI) is considered to be an eective generator of the turbulence in the disk (e.g.,
Balbus and Hawley [1998]). The properties of saturated, quasi steady state of
the MRI-induced turbulence is important since the eect of angular momentum
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transport is determined via  parameter (Shakura and Sunyaev [1973]), which
is evaluated with averaged value of magnetic eld and plasma velocity. Since
the balance between magnetic eld generation by MRI and the eld dissipation by
magnetic reconnection determines the saturation level of MRI-induced turbulence,
non-linear evolution of magnetic reconnection in the dierential rotation would be
one of the fundamental but important problems in accretion disk evolution.
Evolution of magnetic reconnection in the dierentially rotating system is well
compared to those in the shear ow. There are several possible combinations of
the conguration between the ambient magnetic eld direction and the shear ow
direction. In this chapter we rst focus on the case such that the ambient mag-
netic eld is aligned to the axis of rotation, and the reconnection takes place on
the meridional plane of the disk. Evolution of magnetic reconnection with the
existence of out of plane shear ow was studied by (Wang et al. [2008]; Wang
et al. [2012]; Chen et al. [2013]) discussing a generation of out of plane magnetic
eld in the vicinity of the X-point due to the imposed shear ow. However, the
evolution of the system considering the eect of gravity, and coupling with MRI
has not been investigated. In addition, the previous studies were carried out with
uid based code which does not take kinetic eect of plasma into account. Since
our interest is dragged to a collisionless accretion disk, kinetic eect of the plasma
shall also be important in this study.
In this chapter by using a hybrid code, we investigate the evolution of magnetic
reconnection in the meridional plane of a dierentially rotating disk. By carrying
out several runs with dierent rotational parameters, we investigate an eect of
dierential rotation on the evolution of magnetic reconnection. Since the calcu-
lation will be carried out in the meridional plane, MRI would take place during
the evolution of magnetic reconnection. We will focus on the eect of dierential
rotation and MRI on the evolution of the magnetic eld, and its implication on
the saturation problem in the collisionless accretion disk.
The structure of this chapter is as follows. In Section 3.2, the basic equations and
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setups are introduced. Next in Section 3.3, we introduce the results of the ve
consecutive runs varying the strength of dierential rotation. At last in Section
3.4, we summarize our results and discuss their eects on the MRI.
3.2 Hybrid Simulation in a Dierentially Rotat-
ing System
3.2.1 Basic Equations
In this chapter, we focus on the evolution of the magnetic reconnection. In con-
trast to the previous chapter, magnetic reconnection releases the magnetic eld
energy and density prole gradually shifts to a uniform distribution. Therefore,
in contrast to the MRI simulation, neither severe CFL condition nor \division-by-
density" operation would be a fatal problem here. So, in this chapter we simply
use the conventional set of equations for hybrid simulation under the eect of
Keplerian rotation.
dxi
dt
= vi (3.1)
ni =
X
particle
S(xi) (3.2)
ne ' ni (3.3)
qi =  qe (3.4)
mi
dvi
dt
= qi

E +
1
c
viB

  2mi
0vi   2miq
20xe^x; (3.5)
@B
@t
=  cr E: (3.6)
E =  1
c
V eB + rPe
neqe
+ J (3.7)
J = neqeV e + niqiV i =
c
4
rB (3.8)
Pe / ne : (3.9)
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As introduced in the previous chapter, q is set to be  3=2. Derivation and details
about the above equations are introduced in Chapter 2. Note that we do not
calculate an elliptic equation in this series of simulations. Like we did in the
previous chapter, we have carried semi-1D MRI evolution test. The results showed
good agreement with the linear theory.
3.2.2 Initial Conditions and Simulation method
As described in the former section we investigate an evolution of the system in the
2.5 dimensional meridional (x; z) plane. Figure 3.1 shows a schematic illustration
of the system we calculate in this chapter. The size of the domain is set to be
Lx  Lz = 160 960 cells whose grid interval (x) is set to be the half of the ion
inertia length (i). As an initial condition we adopt double Harris sheets (Harris
[1962]) along z-direction,
Bz0 (x) = B0

tanh

x  xc (t)
l

  tanh

x  x0c (t)
l

  1

: (3.10)
Here l is the half width of the current sheet and is set to be 1.8i throughout this
article. xc (t) ; x
0
c (t) is the center of each current sheet and as we shall describe
in Appendix E, the center of current sheet is not xed in our simulation model.
Initially, xc(0) and x
0
c(0) are located on Lx=4, 3Lx=4, respectively. To satisfy the
initial pressure equilibrium (B2=8 = nc (Ti + Te)), ions are assumed to have a
spacial distribution of,
ni(x) = nc

cosh 2

x  xc (t)
l

+ cosh 2

x  x0c (t)
l

+ n0; (3.11)
where nc is the number density at the center of the current sheet and n0 is the
number density in the outside of the current sheet region. In the following calcu-
lations we use 55 superparticles per cell in the outside of the current sheet region.
For the velocity distribution the ions are assumed to have a shifted-Maxwellian
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Figure 3.1: Schematic illustration of initial condition used in this chapter.
distribution with a background Keplerian rotation,
fi (xi;vi) = ni (x)

mi
2Ti
3=2
exp

 mi
2Ti
 
v2x + (vy   vKy (x)  vd;i)2 + v2z

(3.12)
where Ti is the initial temperature of the ion and vd;i is the ion drift velocity which
is dened as,
vd;i =
2cTi
qiB0l
; (3.13)
and set to be constant. It should be noted that the Harris solution is not an
exact equilibrium in this system. Since the ion drift has y-component velocity,
the balance between the centrifugal force and the tidal force is not satised for
the drifting ions. However we have conrmed that the Harris solution is an ap-
proximate equilibrium in this system for suciently small rotational parameter.
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Details are discussed in Appendix E.
In the following, all physical quantities are normalized with those of the parameters
in the outside of the current sheet region. In the collisionless accretion disks such
as disks around a black holes, the temperature of the electrons is considered to
be much lower than that of the ions (Narayan et al. [1995]). Therefore we set the
initial temperature of the electron as Te = 510 3Ti. To save the integration time,
we put localized perturbation in y-component of the vector potential following the
form introduced in Zenitani et al. [2011],
Ay = 2lB1 exp
"
 (x  xc(t))
2 + (z   zX)2
(2l)2
#
  2lB1 exp
"
 (x  x
0
c(t))
2 + (z   z0X)2
(2l)2
#
; (3.14)
where zX = Lz=4; z
0
X = 3Lz=4 is the z-coordinate of the X-point and B1 is the
strength parameter of the perturbation which is set to be 0:12B0 in this calculation.
In addition, we include a localized resistivity in the X-points,
 = 0 + c cosh
 2
"
x  xc(t)
0:5i
2
+

z   zX
i
2#
+ c cosh
 2
"
x  x0c(t)
0:5i
2
+

z   z0X
i
2#
; (3.15)
and the magnetic Reynolds numbers dened with iVA0=0 and iVA0=c are set
to be 2000 and 200, respectively. Here, VA0 is the Alfven velocity dened with the
outside the current sheet parameters. Here we impose the uniform resistivity since
the magnetic reconnection does not occur in the ideal MHD limit. Therefore, we
choose suciently small value of the resistivity for the uniform component and
compare our results with the theory of the MRI under the ideal MHD approxi-
mation. The localized resistivity is imposed as anomalous resistivity due to the
several instabilities generated in the vicinity of the X-point, such as lower hybrid
instability (e.g., Higashimori and Hoshino [2012]). As we will discuss in Appendix
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E, we have conrmed that the following results are not aected by the localized
resistivity. With this initial condition we perform ve runs varying the rotational
parameter (
0=
ci). Here 
ci is the ion cyclotron frequency dened with the out-
side of the current sheet parameters. We choose RUN A which has no rotation as
a ducial run and gradually increase the rotational parameter. Several important
parameters in the calculation are described in Table 3.1. In RUN B and C the
rotational parameter does not exceed the instability criteria for the MRI dened
with the parameters in the outside of the current sheet region,

20 >
k2V 2A0
3
: (3.16)
On the other hand with the rotational parameter used in RUN D and E, the entire
domain is unstable to the MRI. In RUN D resulting fastest growing wavelength
of the MRI dened with the parameters in the outside of the current sheet region
is the same as Lz, whereas in RUN E the fastest growing wavelength is the same
as Lz=2. The other parameters used in the simulation are listed in Table 3.1.
Table 3.1: Simulation Parameters.
RUN A RUN B RUN C RUN D RUN E
Lx  Lz 80i  480i 80i  480i 80i  480i 80i  480i 80i  480i
i 2x 2x 2x 2x 2x
nc=n0 4 4 4 4 4
i;Out
1 1.0 1.0 1.0 1.0 1.0
pe=pi 5 10 3 5 10 3 5 10 3 5 10 3 5 10 3

0=
ci 0 2 10 4 5 10 3 1:35 10 2 2:70 10 2
1Ion plasma beta dened with outside of the current sheet parameter.
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3.3 Results
3.3.1 Overview
Let us go on to the results of the magnetic reconnection. We rst overview our
results. Figure 3.2 shows the structures of ve runs at each stage of the reconnec-
tion. The most distinct feature is found in RUN E whose magnetic eld line in the
entire region of the simulation domain is remarkably bent. We consider that in
this parameter the MRI is the dominant process for the evolution of the system.
The relation between the magnetic reconnection and the MRI shall be discussed
in the following section. In RUN B, C and D the eect of the Kepler rotation
seems to be relatively moderate compared to RUN E. At the onset stage of the
reconnection (
cit '144) there is no signicant dierence in the structure between
each run. However, as the reconnection goes on, an asymmetric structure gradu-
ally becomes remarkable in RUN B, C and D. The asymmetry becomes clearer as
the rotational parameter increases. In addition, a migration of X-point is observed
in all run with the nite Kepler rotation (RUN B-E). A physical interpretation of
this migration shall also be discussed in the following section. Another asymmetry
is also found in the out-of-plane magnetic eld. Figure 3.3 shows the structure
of the out-of-plane magnetic eld (By) at the nal stage of ve runs. It is clear,
especially in RUN C and D, the absolute value of By is, in average, larger in the
right side of the X-point compared to that in the left side. This is understood by
considering the coupling of the Hall eect and the dierential rotation and shall
be discussed in the next section as well.
3.3.2 Asymmetric evolution of out-of-plane magnetic eld
It is well known that the quadrupole structure in the out-of-plane magnetic eld
is observed around the X-point in the numerical simulation under the framework
which distinguishes the magnetization degree of the ions and the electrons. In the
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Figure 3.2: Time evolution of all runs. The color contour corresponds to ion
density whereas the solid line corresponds to the magnetic eld line. The gures
are focused on the left half of the simulation domain.
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Figure 3.2: Continued.
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Figure 3.3: (Color) Out-of-plane magnetic eld (By) in the nal stage of the
simulation. By in RUN E is remarkably enhanced due to the dynamo eect
of the MRI. The gures are focused on the left half of the simulation domain.
(Solid line) Magnetic eld.
hybrid framework which treats the ions as superparticles with nite mass and the
electrons as massless charge neutralizing uid, the magnetization feature of each
component is also distinguished. This gives a signicant dierence in the motion
of each component around the X-point resulting the in-plane Hall current and
out-of-plane magnetic eld (Sonnerup [1979]).
In our ducial run (RUN A), a clear quadrupole structure is also found in a
symmetric manner (Figure 3.3). As we pointed out in the previous section an
asymmetric structure in the out-of-plane magnetic eld (By) is found in RUN B, C
and D. The asymmetry becomes signicant as the rotational parameter increases.
Figure 3.4 shows a focused view of the out-of-plane magnetic eld (By) at 
cit '
437 of RUN D. The color contour in the right panel corresponds to By. In the left
panel of Figure 3.4, By is also plotted along the dotted line denoted in the right
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panel, and from the top to the bottom each panel corresponds to line A-D. The
dashed red lines plotted vertically in the left panels correspond to the baseline
which passes through the X-point. In cut C and D clear asymmetry with respect
to the red line is observed and the absolute value of By is always found to be large
in the right side of the X-point compared to the left side. These structures can be
understood by a simple coupling between the Hall magnetic eld produced by the
reconnection and the eect of the dierential rotation.
Figure 3.4: Focused view of out-of-plane magnetic eld in RUN D.
Figure 3.5 shows the schematic view of the system. As the reconnection grows
the quadrupole magnetic eld parallel to the y-axis is generated due to the Hall
eect. As the reconnection goes on and Bx is generated the dynamo eect of
the dierential rotation produces By following the y-component of the induction
Equation (C.3). Since Bx generated by the reconnection has opposite sign on the
dierent side of the X-point so as By generated by the shear motion. Superposing
the quadrupole By due to the Hall current and the anti-symmetric By due to the
shear motion, the asymmetric structure in the out-of-plane magnetic eld is clearly
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understood and in the case of Figure 3.5, for instance, the larger absolute value of
By is observed in the right side of the X-point.
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Figure 3.5: Schematic plot of the Hall Field and the sheared Field.
Paying attention to the ne structure, the \undulated" feature in the out-of-plane
magnetic eld is found in the non-linear stage of the reconnection. This structure
is consistent with the one introduced in Arzner and Scholer [2001]. They have
pointed out that the structure is a consequence of an instability driven by a shear
ow along the magnetic eld line and a parallel pressure dominance generated in
the layer consisted with the outow region and the outside of the current sheet
region. We note that in our simulation setup with the nite rotational parameters,
any scale of perturbation would be unstable to the MRI inside the current sheet
following the conventional denition of the MRI criteria. This is because inside the
current sheet the magnetic eld gradually decreases whereas the density increases
which leads to VA;Out ! 0 in the right hand side of the equation (3.16). However
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as we can see from Figure 3.3, the characteristic scale of the \undulated" structure
seems to be insensitive to the rotational parameter. Thus this structure can also be
considered as the one introduced in Arzner and Scholer [2001] and the modulation
by the MRI seems to be rather weak in this instability. In addition, a standing
wave structure whose wave front is approximately parallel to the magnetic eld
line is found in the region where the transition takes place from the current sheet
to the outside region (x=i . 15 in the right panel of Figure 3.4). Approximating
the structure of current sheet as a slow shock, this wave structure is regarded as
a standing wave train found in the dispersive shock when the ion inertia scale
is much larger than the resistive scale (Hau and Sonnerup [1992]). These ne
structures are found not only in RUN D but also in RUN A-C on which the eect
of the Kepler rotation is relatively moderate.
3.3.3 Migration of the X-points
Another remarkable structure is found in the vicinity of the X-point. As described
in the overview the asymmetry becomes signicant as time goes by. At the same
time, the X-point migrates in a certain direction. The direction of the X-point
migration is determined by the sign of J0
0. The other X-point imposed in the
other current sheet migrates to the dierent direction following the opposite sign of
J0
0. The migration distance of the X-point is larger in the runs with the larger
rotational parameter. Figure 3.6 shows a focused view of the X-point at 
cit ' 437
in RUN D. Here, the color contour in the right panel corresponds to the ion
density. In the left panels, we show several physical values along the dashed white
line indicated in the right panel. From the top, the density (solid line) and the
pressure (dashed line) of the ions, the moment averaged ion velocity (Vx;ions), the
y-component ion velocity deviation from the background Kepler rotation (Vy;ions),
and the magnetic energy normalized with the initial value in the outside of the
current sheet region, are plotted. The horizontal red dashed line plotted in the
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second row corresponds to the migration velocity of the X-point. In average, inow
speed of the ions from the both sides of the X-point are the same in the rest frame
of the X-point.
The migration of the X-point itself is easily understood by the generation of the
ow by the MRI. However the correlation between the sign of J0
0 and the
direction of the migration is not obvious. This correlation can be understood
by considering the asymmetric growth of MRI with respect to the neutral sheet.
Since the conventional criteria of the MRI is given by Equation (3.16), the MRI
is always active inside the current sheet where the magnetic eld strength and
the ambient Alfven velocity are innitesimally small. However, since we have
carried out the calculations under hybrid framework, the eect of the Hall term
should also be taken into account. As reported in Balbus and Terquem [2001],
the Hall term extends the unstable region of the MRI to a shorter wavelength
when the orientation of the magnetic eld and the background rotational vector
is anti-parallel, and vice versa.
Figure 3.6: Focused view of the X-point in RUN D.
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Figure 3.7 shows a growth rate of the MRI obtained from the linear analysis of Hall
MHD equations. It is clear from the gure that the unstable region is extended
when the ambient magnetic eld is anti-parallel to the Keplerian rotation vector.
With the Hall parameter dened in the outside of the current sheet region, the
correction to the MRI growth rate is still minor. However, in the vicinity of the
current sheet, the time scale of the cyclotron motion may reach that of the Kepler
rotation, and as a result the Hall term would be eective in this region. In Figure
3.6, the ambient magnetic eld is anti-parallel to the rotational vector in the left
side of the current sheet and the instability criteria is reduced in this region.
Therefore the small scale perturbation triggered by the magnetic reconnection
would couple to the MRI and can be enhanced in this side of the current sheet
resulting a migration of the X-point, whereas in the opposite side of the current
sheet, the characteristic scale imposed by the magnetic reconnection does not
satisfy the criteria of the MRI under the Hall eect. In addition, in the vicinity
of the current sheet, Finite Larmor Radius (FLR) eect of the ions would also be
important. Result of the linear analysis including the FLR eect suggests that the
fastest growing scale of MRI under the opposite orientation of the magnetic eld
and rotational vector shifts to the smaller scale (Ferraro [2007]; Heinemann and
Quataert [2014]) which even supports our understandings.
Looking on to the phase relation of the plasma velocity, we nd Vx;ions=Vy;ions > 0
in the left side of the X-point (the second and the third row of Figure 3.6). This
phase relation is also satised during the growth stage of the MRI. We consider this
phase relation also supports the explanation that MRI is active in the vicinity of
the current sheet, and the dierence on the growth rate depending on the direction
of magnetic eld and Keplerian rotation vector drives the X-point migration.
To conrm that the asymmetric evolution of the magnetic reconnection is driven
by the Hall term, we have carried out another comparative run. In this run the
grid interval was set to be twice as long as the ion inertia length dened with the
parameter outside of the current sheet region. The ratio between the current sheet
thickness and the grid interval was set to be the same as RUN A-E. Rotational
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Figure 3.7: Growth rate of MRI with varying Hall parameter (
0=
ci). The
sign (+) corresponds to the case that the ambient magnetic eld is parallel to
the Keplerian rotational vector and vice versa. For the the case 
0=
ci =  0:5,
the entire region is unstable to MRI.
parameter was set to be 
0=
ci = 1:69  10 3. With this parameter, the fastest
growing wavelength dened with the outside of the current sheet parameters is
twice as long as the vertical size of the simulation domain.
Figure 3.8 shows a time evolution of the simulation with the reduced Hall eect.
The plots are focused in the left half of the simulation domain. As we can see from
the plot, there is no signicant migration of the X-point even after the long term
evolution. Therefore, we conclude that the migration of the X-point is caused by
the Hall eect.
3.3.4 Magnetic reconnection as a trigger of the MRI
As we have described in the overview, in the outside of the current sheet region
of RUN E, perpendicular magnetic eld is remarkably enhanced which implies
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Figure 3.8: Time evolution of the density (color) and the magnetic eld line
(solid line) with reduced Hall eect.
the dominant process in this parameter regime is the MRI. During the evolution
of the MRI, magnetic reconnection also takes place with the associating X-point
migration giving additional growth of Bx together with the reconnection. In this
section, we point out that the reconnection would also contribute to a relatively
large initial perturbation on the growth of the MRI.
In order to evaluate the eect of the magnetic reconnection on the evolution of
the MRI we perform another comparative calculation. Here we choose RUN E as
a ducial run and another run (RUN E2) is calculated without the initial trigger
for the magnetic reconnection; by excluding the initial vector potential (3.14)
and taking c = 0 in the resistivity (3.15). Note that we have left the uniform
component of the resistivity 0. Therefore, under this initial condition, both a
tearing mode instability and an MRI would take place. Here the fastest growth
mode of the MRI in the outside of the current sheet region is 0.75
0 ' 0:02
ci
which is comparable to that of a tearing mode which can roughly be estimated as
10 1-10 2
ci (e.g., Terasawa [1983]; Hesse and Winske [1993]).
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Figure 3.9: The density (color) and the magnetic eld line (solid line) at the
middle stage of RUN E and RUN E2 (top), and at the nal stage (bottom).
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Figure 3.9 shows the time evolution of the two comparative runs. Again the
color contour corresponds to the ion density, and the solid line corresponds to the
magnetic eld line. From the top panel (
cit ' 334) we observe that the X-point
in the dierent current sheet migrates in the opposite direction. From the bottom
panel (
cit ' 437) it is clearly observed that the perpendicular component of the
magnetic eld is signicantly enhanced in RUN E.
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Figure 3.10: Time evolution of Magnetic Field Power from comparative runs
(RUN E, RUN E2).
Another distinct feature is also found from the Fourier decomposition of jBxj in
each run. In Figure 3.10 we show the evolution curves of each mode in the both
calculations. The Fourier transformation was applied on Bx along the z-axis in
the outside of the current sheet region (10i  x  20i). In this region, we can
approximate the uniform plasma background and can compare results with the
theory of conventional MRI. Within the two runs we nd no signicant dierence
in the maximum growth rate and was the same as that of the conventional MRI
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(max = 0:75
0) except for mode 3 in RUN E. During the initial growth stage
of RUN E (0
cit 100
cit) the growth rate is roughly 1.3
0 which is about 1.8
times faster than that of the MRI. This implies that the magnetic reconnection
and the associated X-point migration initially gives relatively large perturbation
and act as an trigger for the MRI. During the middle stage of the evolution, the
growth rates of all the modes do not exceed the maximum growth rate of the MRI.
Triggered by the X-point migration, in this stage, the power of Bx in the outside
of the current sheet region of RUN E is, in average,  30 times larger than that
of RUN E2. It is worth noting that the fastest growing mode in RUN E is mode
3 even though the initial rotational parameter was set for mode 2 to be the most
unstable. At the initial stage of reconnection, the reconnection rate corresponding
to the separatrix angle determines the mode with the largest amplitude. At the
same time, the X-point migration from the other current sheet gives perturbation
towards opposite direction in z ' 3Lz=4. As a result at the initial growth stage
a large amplitude perturbation corresponding to mode 3 is given by the magnetic
reconnection and by the associating X-point migration. During the middle stage
of the growth (
cit & 100) the ambient magnetic eld parallel to the rotational
axis is weakened by magnetic reconnection leading shorter wavelength to be more
unstable to the MRI. It is well known that the linear process of a 2.5D MRI
also holds even the perturbed eld amplitude is relatively large compared to the
ambient eld (Goodman and Xu [1994]). Therefore, in the middle stage of the
evolution, mode 3 can be most unstable.
We have carried out another comparative run labeled RUN C2. In this run, all
the parameter except for the rotational parameter was set to be the same as RUN
C. For the rotational parameter, we have adopted 
0=
ci = 6:75  10 3. In this
case, the maximum growing wavelength dened with the parameter outside of the
current sheet region will be twice as long as the vertical length of the simulation
domain. Moreover, the critical wavelength of MRI dened with the same param-
eter is about 1.12 times longer than the vertical length of the simulation domain.
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Therefore, the outside of the current sheet region is expected to be stable to the
MRI. Figure 3.11 shows a time evolution RUN C2 focusing on the left half of the
simulation domain.
Figure 3.11: Long term evolution of RUN C2. The plots are focused on the
left half of the simulation domain.
It is clearly observed that the asymmetric evolution of magnetic reconnection even-
tually grew to a set of channel ow, which is found in the non-linear stage of MRI.
Figure 3.12 shows a time evolution of Fourier decomposition calculated with Bx
outside of the current sheet region (10i  x  20i).
At the non-linear stage (
cit ' 500-700), Mode 1 of Bx grows with the maximum
growth rate of MRI ( = 0:75
0) whereas in the linear to the quasi-linear stage
(
cit ' 0  500) the growth rate is much larger, suggesting that the generation of
Bx due to the magnetic reconnection is eective in this stage.
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Figure 3.12: Time evolution of Magnetic eld power calculated from RUN
C2.
3.4 Summary and Discussions
In this chapter we investigated the eect of the dierential rotation on the evolution
of the magnetic reconnection with ve consecutive runs. The initial magnetic eld
imposed here was parallel to the rotational axis, and the Keplerian shear ow was
imposed in perpendicular direction.
Main results are summarized as follows: First we found an asymmetric structure
in the out-of-plane magnetic eld in the vicinity of the X-point. This can be un-
derstood by the coupling of the Hall term and the dierential rotation. As the
reconnection grows, Hall current around the X-point generates quadrupole mag-
netic eld. At the same time, the perpendicular magnetic eld generated by the
magnetic reconnection is sheared by the dierential rotation generating a dipole
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structure in the out-of-plane magnetic eld. The asymmetry is created as a super-
position of these two processes. Furthermore, we also conrmed the \undulated"
structure reported in Arzner and Scholer [2001]. Here, the dierential rotation
seems to have a minor eect on the generation of the \undulated" structure.
Next we found a migration of the X-point. This can be interpreted as a result of
the MRI evolution coupled with the magnetic reconnection under the Hall eect.
Since we have taken the Hall eect into account, the instability criteria of the MRI
is dierent between the opposite sides of the neutral sheet. The particular side of
the outside of the current sheet region has a reduced criteria of the MRI, whereas
the other one has a severer criteria. Since a small scale perturbation given by the
magnetic reconnection would couple with the MRI under the Hall eect in the
particular side of the current sheet, the perturbation imposed by the magnetic
reconnection would be enhanced in an asymmetric manner. This asymmetry in
a growth of the MRI would result the migration of the X-point and its direction
is determined only by the initial sign of J0
0. We consider this process is also
eective in the presence of guide eld since the growth rate of MRI diers with
the opposite sign of Hall parameter even in the presence of a guide eld (Balbus
and Terquem [2001]).
Finally we found that the migration of the X-point can be a trigger of the MRI
and can modify the characteristic scale of the perturbation. Since the magnetic
eld decreases inside the current sheet, MRI is active in this region. Due to the
X-point migration, relatively large Bx is generated. This can eectively couple to
MRI in the current sheet, and can be an eective trigger of MRI. It should be noted
that this process is also eective even when the outside the current sheet region
is stable to MRI. Once the magnetic reconnection is activated, annihilation of the
axial magnetic eld occurs and the critical wavelength of MRI will be shifted to
shorter wavelength from the vicinity of the current sheet. As this process continues
the entire system evolves to a MRI driven structure, such as a set of channel ow.
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It is well known that during the quasi steady state of the MRI induced turbulence,
the magnetic energy is enhanced intermittently and released within a short time
scale. During this stage a disruption and a re-organization of the channel ow
take place repeatedly and a magnetic reconnection plays an important role on the
dissipation of the magnetic eld and heating of plasma. This process generates
spike structures in the time evolution of the Maxwell stress curve during the quasi
steady state (Sano and Inutsuka [2001]). It has also been pointed out from 2.5D
PIC simulations that during the \active" phase when the magnetic reconnection
takes place repeatedly the eciency of the angular momentum transport increases
(Hoshino [2013]). As discussed in Chapter 2 the rapid growth of  due to the
strong dynamo eect of MRI and rapid decrease related to the magnetic recon-
nection was observed in our hybrid simulation as well. These results imply that
the repeating process of magnetic energy enhancement by the MRI and dissipa-
tion by the magnetic reconnection is essential to an eective angular momentum
transport. Though our initial setting is limited in the specic structure of the
current sheet, we consider that the \triggering" eect of magnetic reconnection
would be an eective seed of a re-organization of the current sheet accompanied to
the channel ow and as a result, contributes to a strong angular momentum trans-
port in the collisionless accretion disk. As we have looked in Chapter 2, the most
eective stress component which contributes to the angular momentum transport
was Maxwell stress (Figure 2.8). Therefore, large perturbation on the Bx given by
the migration of X-point would act as an eective reproduction of Maxwell stress
after the magnetic reconnection. Though several hundreds of ion inertia scale is
still be smaller than the actual scale of the disk, we believe that the results of the
this chapter would be non-negligible in the thick current sheet.
As we have seen in Chapter 2, the azimuthal component of the magnetic eld
(By) is rather dominant in the non-linear state of MRI. Therefore, it should be
noted that not only the 2.5D meridional plane analysis but also the equatorial
(x; y) plane analysis would be important for the understanding of the fundamental
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physics of the magnetic reconnection in the dierentially rotating system. In the
next chapter, we will introduce an evolution of the magnetic reconnection in the
equatorial plane of the disk.
Chapter 5
Summary and Future Inspections
5.1 Summary of this Thesis
Throughout this thesis, we have investigated the non-linear evolution of collision-
less accretion disks such as Sgr A in the center of our galaxy. Particularly, we
have focused on the interactions between magnetorotational instability (MRI) and
magnetic reconnection. To take the eects of low collisionality into account we
have developed a hybrid code instead of using the \collisionless MHD" approach.
There were several diculties in the hybrid simulation especially on the applica-
tion to the problem involving a drastic change of density and magnetic eld such
as MRI. We have overcome this problem applying the nite electron mass method
proposed by Amano et al. [2014]. We extended their method to 2.5D dierentially
rotating system, including Coriolis and tidal force. As a linear test problem for
newly developed code, we have carried out \semi-1D" simulation of MRI. The
results showed a good agreement with varying parameter of electron mass we used
in the simulation. We consider that this result guarantees the validity of our new
code.
From the simulation of 2.5D MRI in the meridional plane of the disk (Chapter
2) we observed a corruption of channel ows and formation of magnetic islands.
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This result was consistent with the full particle results (Hoshino [2013]) rather
than the MHD results whose nal state is found to be a set of channel ow. The
pressure anisotropy at this moment was evaluated and the result was consistent
with the understanding that the growth rate of tearing mode is enhanced when
the perpendicular pressure dominates in the current sheet (Chen and Palmadesso
[1984]). Unlike the full particle result, the system did not reach the saturation.
However the eciency of the angular momentum () is evaluated and the value
lied on O(0.1-1). Investigating the stress component contributing to , we found
that anisotropic stress has minor eect on  parameter which is also consistent
with Hoshino [2013]. Comparing the result with Sharma et al. [2006] this result
would have an astrophysical implication that the pitch angle scattering by the
kinetic instabilities are eective in the actual disks. Detailed investigation of the
isotropization process and evaluation of the eciency of the pitch angle scattering
can be one of the important problem to be solved in the future. This can be done
with the precise study of the kinetic instabilities, such as mirror and ion cyclotron
instabilities in the rotational system.
In addition we observed an onset of the generation of the ion acceleration accom-
panied with the magnetic reconnection in the MRI driven current sheet. Since
our calculation terminated at this moment, further evaluation of rate of the non-
thermal ion generation or, power law index was not attained. However, our result
would imply that the collisionless accretion disk is one of the agent of the ion
acceleration. Our simulation is limited in the 2.5D system and the we did not
obtain MRI induced turbulence. However we believe that our result is important
as the rst step for the further 3D calculation.
To investigate the microscopic activities which would take place in the MRI in-
duced turbulence, we carried out simulation of magnetic reconnection in the merid-
ional (Chapter 3) and equatorial (Chapter 4) plane of the disk.
In the calculation of magnetic reconnection on the meridional plane, the inter-
play between magnetic reconnection and MRI under the Hall eect generated an
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asymmetric evolution of magnetic reconnection in each side of the current sheet
and as a result, migration of the X-point was observed. Accompanied with this
migration, signicant radial magnetic eld was generated during the evolution of
magnetic reconnection. Resulting growth of the in-plane eld (Bx and By) was
faster compared to the ordinary growth of MRI. Since, as we have seen in Chapter
2, the angular momentum transport due to the Maxwell stress is mainly sustained
by the in-plane magnetic eld, this process which eectively enhances the in-plane
eld during the magnetic reconnection would be an ecient mechanism to support
a large value of  in the collisionless accretion disk.
Since at the non-linear state of MRI, the azimuthal component of the magnetic
eld is dominant, the magnetic reconnection on the equatorial plane should be in-
vestigated as well. For the calculation on the equatorial plane of the disk, we have
implemented open shearing periodic boundary condition (Hawley et al. [1995]).
From the calculation, the asymmetric structure in the vicinity of the X-point was
found as well. In contrast to the meridional calculation, there was no migration of
the X-point. Here we have conrmed that due to the conservation of the angular
momentum about the central star, the reconnection inow is disturbed and the
reconnection rate was reduced. However this was the case in the relatively large
value of rotational parameter (
0=
ci). Unlike the previous studies focusing on the
single X-point evolution in the strong shear (e.g., Chen et al. [1997]), our calcula-
tion involves the eect of multiple X-points since our boundary condition assumes
periodicity. Together with the background Keplerian shear, at the certain moment
of the simulation, an X-point and an O-point in the neighboring current sheet is
located alternately. In this case, the reconnection rate was enhanced compared to
the case without shear motion. In both calculations, kinetic eects of the plasma
such as generation/relaxation of pressure anisotropy was rather a minor eect on
the evolution of the system. Instead, coupling with the dierential rotation was
found out to be essential. This can be realistic in the actual collisionless accretion
disk. Since the magnetic reconnection takes place much faster than the Keplerian
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time scale, generation of perpendicular pressure anisotropy by the dierential ro-
tation is expected to be a minor eect. Instead, \remaining pressure anisotropy"
resulting from competing process of MRI and kinetic instabilities can be important
on the evolution of magnetic reconnection in the MRI induced turbulence.
In the realistic disk, the rotational parameter (
0=
ci) would be much smaller
than the value we have used in our simulation. However, as we have discussed in
Chapter 3, the thickness of the realistic current sheet would be larger compared to
our simulations and the migration of the X-point which we proposed in Chapter
3 would still be important in the actual disk. In addition, the enhancement of
the reconnection rate due to the Keplerian shear which we have pointed out is
primarily determined by the typical distance of the neighboring current sheet.
This can be evaluated by carrying 3D simulation of MRI-induced turbulence.
It is worth noting by using the hybrid code, we have bridged the scale gap between
the MHD scale and the PIC scale. In addition open shearing periodic boundary
condition which is essential for the future 3D calculation of MRI turbulence is
implemented in our study. For the full understanding of the evolution of the MRI,
the associated generation and relaxation of pressure anisotropy, the dissipation by
magnetic reconnection, and the resulting ecient angular momentum transport,
a massive 3D simulation would be required. In the next section, we will point out
several important problems which should be studied in the future.
5.2 Future inspections
As a closing section for this thesis, we would like to point out a future application
of our study.
First of all, extension to the 3D calculation with massive parrallelization would
be the most important problem to be investigated. Since the hybrid code has
an advantage to full particle code in terms of the computational resource, long
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term evolution of 3D MRI turbulence with particle based code is realistic using
the hybrid code. In the present study the system did not reach a quasi steady
state. By applying long term 3D calculations, we would investigate not only
the eciency of angular momentum transport, but also a particle acceleration
processes in turbulence in a dierentially rotating system.
It should be noted that the attainable spacial/temporal scale is still limited even
with the hybrid code. In the realistic disk, generation of the pressure anisotropy
would take place in the Keplerian time scale, which is far longer than the kinetic
time scale. Therefore, as a direct speculation, one would expect that the evolution
of the collisionless accretion disk can be well studied with MHD, or collisionless
MHD framework. However, as we have seen in Chapter 2 the evolution of magnetic
reconnection is greatly modied depending on the pressure anisotropy condition.
With higher initial plasma i, we obtained a continuous magnetic reconnection
until the termination of the calculation. Since the eect of magnetic reconnection
on the generation/relaxation process of pressure anisotropy was not considered in
the collisionless MHD framework, the ion scale activities still have a possibility
to aect the disk scale physics through magnetic reconnection. We expect that
this can be studied with the 3D calculation varying the rotational parameter and
investigating the convergence of the bulk values such as .
It would also be worth noting that the code developed in this thesis is a rst one
to investigate non-linear evolution of MRI with a hybrid framework. We believe
that this code can be extended to various problems in the accretion disk, not only
a collisionless system, but also a system whose scale gap between each plasma
component is signicant. A most typical example of such system is dusty plasma
(Verheest [2001]). Non-linear evolution of dusty plasma in the Keplerian rotating
system is one of the fundamental problem in the context of planet (planetesimal)
formation. Protoplanetary system is one of the most typical dusty plasma system.
Though the ionization degree of the disk is extremely low, several ionization mech-
anism is suggested and the disk is considered to be \active" to the MRI. Evolution
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of MRI including dust particles has been carried out by numbers of researchers
(e.g., Johansen et al. [2007]), but in the past dust has been treated as neutral par-
ticles which interact with uid components via drag force (Johansen et al. [2007]).
In the dusty plasma system, the charge-to-mass ratio of the dust is much smaller
than those of the electrons and ions. Therefore, it is rather natural to approximate
electrons and ions as uid components and dusts as charged-up particles. More-
over, the charge which the dust particles carry varies in time by capturing ions and
electrons, or releasing them through, for example, photo-emissions. These eects
can directly be included by using methods which explicitly solve the motion of
the dust components as particles. Since we have developed a numerical technique
to investigate a non-linear state of Keplerian rotating system with the mixture of
uid and particle components, we consider that evolution of MRI in dusty plasma
can also be investigated basically with a same manner.
From this point of view we believe our new code has a possibility for the extension
not only to collisionless accretion disks but also other much more wider class of
plasmas.
Appendix A
Inclusion of Finite Electron Mass
Here we introduce a derivation of Equation (2.26) which takes eect of nite
electron mass into account. The method is originally reported in Amano et al.
[2014] calculating various types of 1D plasma problems. In this thesis we have
extended the method to a 2.5D dierentially rotating system.
We start from Ampere's law and Faraday's law
J =
c
4
rB (A.1)
@B
@t
=  cr E: (A.2)
Taking time derivative of Equation (A.1) and substituting Equation (A.2) to Equa-
tion (A.1), we obtain
@J
@t
=   c
2
4
rr E: (A.3)
Using a distribution function of component \s" (fs(v)), total current is expressed
as
J =
X
s
qs
Z
vfs(v)dv: (A.4)
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Taking time derivative of Equation (A.4), we nd
@J
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=
X
s
qs
Z
v
@fs
@t
dv: (A.5)
Time derivative of the distribution function is estimated with a Vlasov equation,
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@x
+ as  @fs
@v
= 0: (A.6)
Using Esq. (A.3), Equation (A.4), and Equation (A.6), we get
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Here we used Gauss's theorem in the third to the fourth row. From the rst term
of the fourth row, we obtain a advection term and pressure tensor,
 
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Z
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qs

nsV s 
 V s + 1
ms
P s

; (A.8)
where V s is the bulk velocity, P s is the pressure tensor, and ms is the mass.
Applying Lorentz force
as =
qs
ms

E +
1
c
v B

(A.9)
for the second term in the fourth row of Equation (A.7), we get
X
s
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Z
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X
s
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msc
V sB: (A.10)
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As we nd the term inversely proportional to the mass (/ 1=ms), we may neglect
the contribution from the ions for these terms because the ions are much heavier
than the electrons. Advection term (/ V s 
 V s) is usually small and negligible,
except for the case when the electron bulk velocity reaches to the electron Alfven
velocity. Here to keep relatively general form, we retain this term for the electrons.
Now all the terms in the right hand side of the Equation (A.7) are written in terms
of electron bulk component. This physically corresponds to the fact that the
temporal change of the total current is well approximated by that of the electron
current in the hybrid framework. Introducing the electron plasma frequency !2pe 
q2sns=4ms Equation (A.7) is written as
1
4
 
!2peE + c
2rr E
=   qe
me

J e
c
B  r  P e

+ qener  (V e 
 V e) (A.11)
since we assume the quasi neutral condition (ne ' ni), r E ' 0 holds, we obtain
1
4
 
!2pe   c2r2

E =   qe
me

J e
c
B  r  P e

+ qener  (V e 
 V e)
=
!2pe
4
E^; (A.12)
where E^ is the electric eld which is obtained with ordinary hybrid code proce-
dure.
Since this method only requires a post process to obtain E from E^, this it is easy
to implement after the conventional hybrid coding. Moreover, division-by-density,
one of the most critical operation to generate numerical noise in the hybrid sim-
ulation is almost eliminated by using the form Equation (A.12). Density division
appears only in the advection term, which usually gives a minor eect on the sim-
ulation. For the calculation of Equation (A.12) we have to solve a elliptic equation
for E with the source term of neE^ and in this study, we simply use Gauss-Seidel
method.
Appendix C
Methods for calculating
dierentially rotating system
using hybrid code.
Here we briey describe about the modication applied in our hybrid code due to
the dierential rotation.
As we explained in Section 3.2, we assume that the background Kepler rotation
always exists. Therefore one must pay attention to the boundary condition since
the out-of-plane ow velocity diers between the inner and outer boundary of the
domain. However, as a Keplerian velocity can be exactly calculated from equation
(2.13) we simply focus on the deviation from the Keplerian prole. Since we
assume the azimuthal symmetry (@=@y = 0) the open shearing periodic boundary
condition proposed by Hawley et al. [1995] degenerates to a standard periodic
boundary condition for the deviation components.
For updating of the particles, we use the Buneman-Boris method. Here we use the
particle velocity observed in the corotating frame; that is, all the particle velocity
includes the Keplerian component in the time integration of the particle. At each
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time step we subtract the Keplerian velocity component of the particles using
updated position information (x
n+1=2
i ). Then we apply a moment calculation to
obtain the deviation component of the current density using an appropriate shape
function,
J
n+1=2
i;dev = qi
X
particle
v
n+1=2
i;dev S(x
n+1=2
i ): (C.1)
From J
n+1=2
i;dev we calculate the deviation component of the electric eld (E
n+1=2
dev )
by using the Ohm's law (2.23), and the Ampere's law (2.21). Note that since the
simulation is performed under nonrelativistic limit, the magnetic eld is Lorentz
invariant. The electric eld observed in the corotating frame is obtained by ap-
plying a Lorentz transformation on this electric eld. This is applied by adding
the induction term due to the Keplerian ow to the deviation component,
En+1=2 = E
n+1=2
dev  
1
c
vK Bn+1=2: (C.2)
For the update of the magnetic eld, we separate ther calculation of the electric
eld to the deviation component and the Keplerian component. As we assume the
azimuthal symmetry (@=@y = 0), together with the solenoidal condition (2.6), the
Keplerian component of the induction term is calculated as follows,
1
c
r

vK Bn+1=2

=  1
c
q
0B
n+1=2
x ey: (C.3)
This equation physically describes the shearing eect of the dierential rotation
generating the y-component magnetic eld from the x-component. Bn+1=2 and
En+1=2 are iteratively calculated in the update of the eld. Since the periodicity is
guaranteed for the deviation components and for the magnetic eld, this separation
of the r calculation greatly reduces the complication in taking the boundary
condition with the shear ow.
Appendix D
Resistivity Used in MRI
Calculation
In the MRI calculation of Chapter 2, we have imposed anomalous resistivity (e.g.,
Sato and Hayashi [1979]) with the form,
 = 0 +
8<: A (J2   J20 ) =J20 (J2 > J20 )0 (otherwise) (D.1)
where 0 is the uniform component of the resistivity and A is the anomalous
component. The magnetic Reynolds number dened by iVA=0 and iVA=A
was 120 and 60 respectively, and the critical current density J0 is chosen to be
4i0J0=cB0 = 10. The anomalous resistivity was imposed primarily, to trigger
magnetic reconnection in the channel ow. However the results we obtained had
no signicant dierence between the calculations using uniform resistivity.
In the non-linear stage of our simulation, the channel ow generated in the non-
linear stage of MRI is corrupted due to the magnetic reconnection. As reported in
Shay et al. [1998], in the hybrid simulation of magnetic reconnection, the density
depletion region near the separatrix is generated. Though the numerical instability
related to the hybrid code has improved using the method proposed in Amano
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et al. [2014], our code is still unstable when the system encounters a continuous
formation of low density region. Using the resistivity in the form of Equation
(D.1), the numerical instability was slightly improved though the system did not
reach to the quasi steady state.
Appendix E
Harris solution in dierentially
rotating system
Here we discuss the behavior of a Harris solution in the rotating system. A con-
ventional Harris solution cannot be an exact kinetic equilibrium solution in a dif-
ferentially rotating disk because the solution introduced in Harris [1962] is based
on the conservation of the canonical angular momentum for each particle. In a
dierentially rotating disk the angular momentum due to the central massive ob-
ject must be taken into account together with the angular momentum due to the
cyclotron motion.
Considering the dierential rotation under the Hill coordinate (Hill [1878]) we
obtain a second order ordinary dierential equation which degenerates to the one
introduced in the equation (16) of Harris [1962] in the limit of 
0 ! 0. The solution
cannot be expressed with a superposition of simple functions. Therefore we have
simply adopted a superposition of a conventional Harris solution and a Keplerian
dierential rotation as an initial asymptotic solution. Here we investigate whether
this approximation is valid or not in the case of 
0=
ci  1. We carry out ve
comparative runs with no initial trigger for the magnetic reconnection, i.e., B1 = 0
in Equation (3.14) and c = 0 in Equation (3.15), with the rotational parameter
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used in the main runs. We also restrict the vertical size of the simulation domain
(Lz) to guarantee the outside of the current sheet region to be stable to the MRI.
From the results, it is conrmed that the initial structure of the current sheet is
conserved in time. However, we also nd that the neutral point of the current
sheet moves in time.
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Figure E.1: The oscillation of the neutral point. The deviation from the
initial neutral point (x) in the unit of inertia length is plotted in the vertical
direction.
Figure E.1 shows the position of the neutral point observed in each calculation. As
the rotational parameter increases the amplitude of oscillation becomes signicant
though its amplitude is smaller than the initial width of the current sheet. This is
due to the initial current in the neutral sheet. Since in this calculation, the ions are
hotter than the electrons, the dominant component with subject to an out-of-plane
initial current is the ions. As the ions have nite mass in the hybrid framework,
any initial motion inside the equatorial plane will couple to the dierential rotation
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through the Coriolis force. In this case the initial out of plane drift Vy creates
Vx with =2 phase delays due to the Coriolis force. Once Vx has created the
compression and the expansion of the plasma and the magnetic eld take place.
Therefore, the oscillation can roughly be regarded as a perpendicular mode of
the fast mode magnetosonic wave. The estimated frequency of perpendicular fast
mode wave in this system is approximately 0:1
ci, which roughly explains the
results.
As the amplitude of this oscillation is relatively small throughout all the param-
eters used in this calculation we nd it is valid to use a Harris solution as an
approximate equilibrium solution in this system provided that the rotational pa-
rameter 
0=
ci is suciently small. However, since the anomalous resistivity is
imposed locally in the current sheet center, and since the current sheet oscillates in
time, one must pay attention to the detection of the current sheet center. At each
time step the current sheet centers (xc(t) and x
0
c(t)) are detected by calculating a
local maximum of j (rB)y j in the vicinity of the current sheet centers which
has also been detected in the previous time step.
It is worth noting that the initial direction of Vx generated by the neutral sheet
current and the direction of the X-point migration introduced in Section 3.3 is
opposite. In addition, we have also conrmed, by setting c = 0 in equation (3.15),
that the way of detecting the current sheet center does not aect the direction of
the X-point migration. Therefore, we conclude that the X-point migration is
independent to initial plasma sheet oscillation and purely a result of coupling with
the structure of the reconnection and the dierential rotation.
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